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Abstract

In undulatorylocomotion, torques along the body are required to overcome external forces from
the environment and bend the body. These torques are usually generated by muscles in animals and
closely related to muscle activations. In previous studies, researchers observed a single traveling wave
pattern of the torque or muscle activation, but the formation of the torque pattern is still not well
understood. To elucidate the formation of the torque pattern required by external resistive forces
and the transition as kinematic parameters vary, we use simplistic resistive force theory models

of self-propelled, steady undulatory locomotors and examine the spatio-temporal variation of

the internal torque. We find that the internal torque has a traveling wave pattern with a decreasing
speed normalized by the curvature speed as the wave number (the number of wavelengths on the
locomotor’s body) increases from 0.5 to 1.8. As the wave number increases to 2 and greater values,
the torque transitions into a two-wave-like pattern and complex patterns. Using phasor diagram
analysis, we reveal that the formation and transitions of the pattern are consequences of the

integration and cancellation of force phasors.

Introduction

Undulatory locomotion is a common way for animals
to move in various environments (e.g. spermatozoa
in water [1], sandfish in sand [2], snakes on land [3,
4], and fish in water [5], for reviews, see [6—8]) and a
popular mode of locomotion for bio-inspired robots
[9-11]. This type of locomotion consists of bending
the body or some portion of the body to form a
traveling wave in the direction opposite to the motion
direction to generate propulsion. For organisms in
environments dominated by resistive forces, such as
spermatozoa swimming at low Reynolds numbers
(Re) and snakes slithering on the ground, how the
propulsive forces from the environments are generated
is quite well understood [7, 12].

To bend the body and generate propulsion, inter-
nal torques (bending moments) are required to over-
come both the restoring forces and damping forces of
the body and the external forces from the resistance of
surrounding media. For macroscopic animals such as
eels and snakes, the internal torques are generated by
muscle forces acting on the body. Therefore, in previ-

ous theoretical and computational studies, spatio-tem-
poral torque patterns were used to explain and predict
muscle activation patterns [13—15]. Ongoing inter-
disciplinary research over the past several decades has
provided a general overview of the torque and muscle
activation: they both exhibit traveling wave patterns
from head to tail. However, the waves of the muscle
activation and the torque travel faster than the wave of
the curvature, which is a phenomenon known as neu-
romechanical phase lags [5, 16]. Consequently, muscles
activate after they begin to shorten in the anterior part
of the body, and muscles begin to activate before they
begin to shorten in the posterior part of the body.

By imposing kinematics and considering contrib-
utions from the resistance of the environment and
the passive body properties of fish (e.g. saithe and
lamprey), qualitative agreements between predicted
torque patterns and muscle activation patterns have
been achieved [13—15]. For the relatively simple case
of the sandfish lizard swimming in sand, where resis-
tive forces dominate and the body is nearly uniform, a
quantitative agreement has been obtained using resis-
tive force theory (RFT) [17]. However, how the torque
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Table 1. Wave numbers observed in nature.
Organism Spermatozoon Nematode Snake Eel Scup Sandfish
Wave number® 1.25-1.4 0.55-1.31 1.60 (on ground), 3.5 (in sand) 1.7 0.65 1.0
Source [1,18] [19, 20] [3,21] [5] [5] 2]

*When only amplitude and wavelength are given in the reference, we assume that the motion is sinusoidal and approximated
the wave number as { = L/ fo/\ v/1 + B%sin? xdx, where L is the body length, B is the undulation amplitude, and A is the

wavelength.

Figure 1. Diagram of the model. The black curve represents the body, the magenta arrows represent velocities, and the green arrows
represent forces from the medium. The black dot is a representative point on the body at which the internal torque (T) is calculated
from the forces in the dashed box. The sign and arrow indicate the direction of the torque. § = 1.5,A = 7.54,and t = 0.

—_—
locomotion
direction
\\
ro
V4 ~
, ~
’ V4
' ,
4
¢
X V4
o N/

T &

pattern is formed and whether the pattern is always a
traveling wave are still open questions.

Another approach for studying the mechanics
of undulatory locomotion is to start with the inter-
nal forces/torques and observe the kinematics as a
result of the couplings between the internal drives,
passive body properties and external environments.
Two closely related kinematic parameters are the
wavelength and the wave number (the number of
wavelengths on the locomotor’s body), which, in
reality, vary in different species and for the same
species in different environments (table 1). For
example, the wavelength decreases as the viscosity
increases in nematodes and spermatozoa [19, 22].
By imposing a neuron activation pattern, muscle
forces, or a relationship between internal shear force
and curvature, previous studies showed the trend
of decreasing wavelength in spermatozoa and fish
swimming when the relative strength of the exter-
nal resistance to the internal driving forces/torques
is reduced [23-25]. However, how the variations in
internal torque, kinematics and other components
interact with each other is still not well understood.

In robots using undulatory gaits, torques are gener-
ally generated directly by motors (e.g. [26]), although
new actuation mechanisms are emerging [27-29].
Torque is also a convenient way for detecting unex-
pected forces and avoiding damage to robots [30]. A deep
understanding of the features of torques such as their
magnitudes, power output, and phase relationships with
curvature in various configurations and environments is
useful for designing driving systems [31, 32].

Here, we consider steady forward undulatory
locomotion in resistive-force-dominated media with

simple kinematics and body shape. We show the basic
torque pattern and its transitions to new patterns as
the wave number increases. Further analysis reveals
the formation of the torque pattern and the underlying
mechanism of the transitions.

Model

We consider an undulatory locomotor bending its
slim and uniform body as a traveling serpentine
wave in a plane (figure 1). We use body length as unit
length and one undulation period T}, as unit time. The
curvature is prescribed as k= A¢sin[2w(&s + 1)),
wheres € [0 1]is thearclength measured from the tail,
A controls the undulation amplitude relative to the
wavelength, ¢ is the wave number, and ¢ is the time.
The speed of the curvature wave becomes v,, = 1/£. A
is set to 7.54, which gives an amplitude-to-wavelength
ratio (/20.24) that is close to experimentally observed
ratios [1-3]. For every time instant, we use a body
frame in which the tail end is at the origin and pointing
toward the x-axis. The tangent angle of a segment at
s to the x + axis can be computed by integrating the
curvature along the body: 6(s) = fos kdl. The position
of the segment can be computed as r(s) = (x,y) =
(f; cos(0)dl, [; sin(6)dl). By taking the time deriv-
ative, the velocity v;, of a segment relative to the tail end
can be computed. Assuming that the tail end is moving
at velocity vy, and rotating at angular velocity w, the
velocity at the body position sin the lab frame becomes
V =V + Vil +we; X T.

To determine the motion of the body and the
distribution of the force on the body, we use an RFT
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Figure 2. The internal torque as a function of body position and time for different wave numbers. The magnitude of the torque is
normalized by the maximum torque and represented by color. The solid and dashed lines indicate the maximum and minimum
curvatures, respectively. The red dotted box in (e) indicates the torque pattern that appears similar to the patternin (b). The green
and blue arrows indicate the local waves traveling posteriorly and anteriorly, respectively. A = 7.54
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model similar to those in [3, 17]. In the RFT model, the
body is divided into infinitesimal segments. Assum-
ing that the force (F(s)) experienced by one segment is
independent of other segments, the force can be calcu-
lated based on the geometry, orientation, and velocity
of the segment. The perpendicular and parallel comp-
onents of the force on a segment can be written as
Fi(vy,v))and F(vL,v)), respectively, where v and
v) are the perpendicular and parallel components of
the segment velocity v. We first consider the simplest
case, in which the head drag is negligible and the forces
are from viscous drag: F; = C v, and F| = Cyv),
where C; = 2and C; = 1are the drag coefficients for
a very thin cylinder [33]. The total external torque on
the body can be computed as Fyo, = fol F(I)dl and
Tiotal = €; fol r(l) x F(I)dl. We assume that inertia is
negligible, which is a good approximation for micro-
swimmers in fluids, crawlers on land, and swimmers in
granular materials [1-3]. Under this assumption, the
resultant net force Fyo, and the net torque Ty, related
to the tail (reference) frame are both zero, from which
Viail and w can be determined. The motion and force
distributions on the body are shown in supplementary
video S1 (stacks.iop.org/BB/13/046001/mmedia), and
the MATLAB scripts of the computation are provided
in the supplementary materials.

To compute the internal torque (7T) required
to overcome the external forces at a point on the
body, we analyze the torque balance on the ante-
rior side of the body at that point and simply find
that T(s) = —T(s) = — [ [r(l) — r(s)] x F()dl (see
figure 1 for an example), where T° is the total external

torque from the anterior side of the body. Integrat-
ing over the posterior side of the body gives the same
results. To compute the wave speed of the torque, we use
the fitting function v/2(T(s)) sin[27 (s/ A1 + t) + ¢7),
where (T(s)) is the standard deviation of the torque at
s, Ar is the wavelength of the torque wave along the
body, and ¢7 is a fitting parameter for the phase. The
(T(s)) term is used to capture the variation in torque
amplitude and the prefactor /2 comes from the ratio
between the maximum and the standard deviation of
the sine function. The fitting parameters Ay and ¢ are
obtained from the best fitting of the torque. The speed
of the torque wave is defined as vy = Ar/T, = Arand
the speed ratio of the torque wave to the curvature
waveisvr /v, = Ar€.

Results

To focus on the torque pattern, we normalize the
torque by its maximum value for each wave number
& We find that the torque exhibits a traveling wave
pattern for £ < 1.8 (figures 2(a)—(d)). In this regime,
the amplitude of the torque is smaller near the ends
and greater in the middle. As in previous studies, the
torque wave travels faster than the curvature wave,
and different phase lags between the curvature and the
torquealongthebodyare observed. When approaches
2,themagnitude of the torque in the middle of thebody
suddenly decreases, and a pattern of two apparently
separated traveling waves forms (figure 2(e)); each
wave is similar to a wave with £ = 1 and takes half of
the body. For £ > 2, the two waves merge as the wave
direction near the middle of the body becomes the



http://stacks.iop.org/BB/13/046001/mmedia

I0P Publishing

Bioinspir. Biomim. 13 (2018) 046001

T Mingand Y Ding

@4

03 1 £ 1.5 2

Figure3. The speed of the internal torque wave normalized by the speed of the curvature wave as a function of the wave number (a)
and the energy per cycle required as a function of the body position for different wave numbers (b).
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opposite direction of the curvature wave. The torque
pattern is no longer one or two traveling waves (figure
2(f)).Uptoatleast{ = 11, similar transitions occur by
adding one additional traveling wave pattern near the
middle of the body when & reaches integer numbers.
See supplementary video S2 for torque patterns with
smaller { increments.

The speed of the torque wave normalized to the
speed of the curvature decreases from 5.2 to 1.3 as the
wave number increases from 0.5 to 1.8 (figure 3(a)).
This result is consistent with the results of previous
studies, namely, the muscle activation is nearly syn-
chronized for short wavelengths [5]. The fit of a sin-
gle traveling wave is poor when £ > 1.8; therefore, the
wave speed is not defined and shown in figure 3(a).

The energy output per cycle required to over-
come the external force at each point on the body is
computed by integrating the power over a cycle, i.e.
W= fol Tkdt. The decrease in the phase difference
between T and £ and the decrease in the amplitude of
T at the middle as £ increases result in a more uniform
distribution of the energy output over the body (see
the blue line in figure 3(b)). When £ = 2, the instan-
taneous power and energy output of the middle seg-
ment are zero. As € further increases to 2.3, the power
of the middle segment becomes negative, which means
that the energy generated by other parts of the body is
transferred to this part.

A few variation are tested to evaluate the influ-
ences of the external forces and kinematics on the
torque pattern and transitions. First, two additional
types of resistive force laws obtained in previous
experiments are considered: forces for granular media
are described by F, = C,sinfarctan(vysin(¢))]
and  F = [Cscos(¢) + C(1 —sin(p))],  where
C,=557, C;=—1.74, C;=230, v=1.93, and
¢ = arctan(v_ /v|) [34]. These force laws are empiri-
cal fitting functions for an aluminum cylinder dragged
with different orientations in 3mm glass beads.
For anisotropic frictional forces, F, = p,v, /|v]|
and F| = [usH(v)) + po(1 — H(vy))]v/|vl, where
pp = 0.3, iy = 1.3 and p; = 1.8 are the friction
coefficients in the forward, backward, and normal
directions, respectively [3]. H(x) is the Heaviside step

function. Since we focus on the torque pattern and
normalize the torque by its maximum value, the abso-
lute magnitudes of the forces are irrelevant here. These
force laws and coefficients are obtained by measuring
the frictional forces while unconscious snakes slide on
clothes at different orientations. The torque pattern is
qualitatively the same when the force laws are replaced
by those for granular and frictional environments,
and only subtle differences are observed (figures 4(a)
and (b)). We also compute the force distribution
using Lighthill’s elongated body theory (EBT) where
only the lateral inertial forces from the fluid are con-
sidered (the derivation is provided in the supplemen-
tary information) [35]. The inertial forces considered
in the EBT give a torque pattern that is similar to that
from the RFT, albeit with a phase shift of +7/2 (1/4
period) (figure 4(d)).

To study the effect of undulation amplitude, we
increase the amplitude to A = 12.57, at which the
segments nearly overlap. Surprisingly, we find that
the torque pattern is insensitive to amplitude (see
figure 4(d) and supplementary Video S9). When the
amplitude increases linearly toward the tail, simi-
lar transitions occur, albeit at a greater wave number
(figure 4(e)). Since interactions between segments
through the medium are neglected, the results from
the amplitude variations only include the geometric
effects. An example case with head drag is also exam-
ined (figure 4(f)). Based on an experiment on bull
spermatozoa, the head is approximated as a sphere
with isotropic drag, and the drag coefficient is chosen
such that the head drag is 58% of the body drag when
the body is straight and moving perpendicular to its
axis [36],1.e. F, = 0.58C v(1). The resulting torque is
significantly larger for the anterior half of the body and
the transition of torque to the two-wave pattern occurs
at a smaller wave number.

To elucidate the mechanism underlying the trans-
ition of the torque, we analyze the phases of the torque
at the middle point of the body and at a point infinitely
close to the head as examples (figure 5). In a previous
study [17], the torque at the middle point was roughly
decomposed into three parts to explain the neurome-
chanical phase lag. Here we use a more quantitative

4
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Figure4. Torque pattern variation for different force laws, kinematics and geometry. Torque pattern with (a) frictional, (b)
granular (b),and (c) inertial force laws. A = 7.54in (a)—(c).(d) Large amplitude A = 12.57. (e) Increasing amplitude toward the tail.
A = 7.54(1 — 5). (f) With alarge head. Insets in (d)—(f) are schematic diagrams of the corresponding models. The head is not drawn
to scale. See supplementary videos S3-8 for the respective torque patterns as a function of & for (a)—(f).
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Figure5. Composition of the torque at the middle and phasor diagrams. (a) The lateral force F, distribution as a function of body
position (§ & X) and time. (b) Phasor diagrams. The blue arrows represent the contribution of the force on the anterior part of the
body to the torque at the middle of the body when the force at the middle is maximum. The integration regions are marked by the
thick bluelinesin (a). Tfnid and T}iead represent the torque at the middle and the head, respectively, and the corresponding forces

are marked by green and red dots in (a). The black arrows represent the curvature phasors. The lengths of the force, torque, and
curvature phasors are drawn to reflect only their relative magnitudes for the same value of €.

tool-phasor diagram—to visualize and analyze the
relationships among the phases of curvature, force and
torque.

Further simplification is needed prior to the
analysis. Since the torque pattern is not sensitive to
amplitude, a small amplitude (A = 0.6) is used such
that the locomotor is nearly a straight line on the x axis
undulating in place. In this case, only the lateral dis-
placement ( y) and lateral forces (F, ~ F,) need to be

considered and the longitudinal forces (~F)) are neg-

ligible. Then the equation for computing the torque at
position s can be simplified as T(s) = — fsl (I—s)Fdl.
Prior to the analysis, we also note that the spatio-tem-
poral patterns of the lateral force are affected by the
requirements of force and torque balances. For = 0.5,
awavenumberlessthan 1,the phase difference between
the lateral forces at the head and at the middle point is
greater than 7 /2, which is the phase difference of the
curvatures at these two points (figure 5). This result
can be understood by considering the balance of the
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lateral forces and the torque: zero total lateral force
requires both negative forces and positive forces to be
present at any time; the zero torque condition further
requires that the negative forces be distributed on both
sides when the force in the middle is positive (a simi-
lar argument was made by Gray [37]). Nonetheless,
the phase differences of the forces between the middle
point and the end points increase with increasing wave
number.

In phasor diagrams, a variable is represented by a
phasor (vector), whose projection on the horizontal
axis is the instantaneous value of the variable and the
rotation of the phasor corresponds to the time evo-
lution. Since T and T* only have a sign difference, we
examine the phasors of the external torque 7% and first
focus on the phasor of T° at the middle point of the
body (T4 = T¢(s = 0.5) in figure 5(b)). The force

contribution to T° at the middle point (i.e. (I — 0.5)F,
for I > 0.5) is discretized and visualized using phasors
in figure 5(b). The integrative nature of the torque at
the middle point makes the phase of T° between the
phases of the forces. Interestingly, the torque T* at
the middle point is precisely either out of phase (for
& < 2) orin phase (for 2 < ¢ < 2.3) with the force at
the middle point. This alignment can be understood
by considering the symmetry and torque balance when
the force at the middle is zero (this case is similar to the
one shown in figure 1 with the fore-aft forces ignored):
thelateral displacement is symmetric about the middle
point while the lateral velocity and force distributions
are antisymmetric. The antisymmetric force distribu-
tions generate torque about the middle point with the
same sign but the total torque on the body must be
zero. Therefore, the torque from each half of the body
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(i.e. T°(0.5)) at this time instant must be zero. When &
approaches 2, one full wavelength appears on each side
of the body, the torque contributions cancel out, and
T: becomes zero. As & continues to increase, the T
becomes in phase with the local force F;q. This situ-
ation corresponds to a breakdown in the torque pat-
tern of a single traveling wave and a reversal of the local
torque wave at the middle.

To understand the speed variation of the torque
wave (figure 3(a)), we compare the phase differences
of the torque, force and curvature at the middle point
and at the head (s = 1). At a point infinitely close to
the head, the torque T}, , is simply in phase with the
local force at the head (Fie,q). Therefore, the phase
difference between the torques at the middle point
and at the head (the angle between T¢,,; and T}, in
figure 5(b)) is considerably smaller than the phase dif-
ference between the forces (the angle between Fy;q and
Fhead in figure 5(b)) and the phase difference between
curvatures (the angle between Ky and Kpeq In
figure 5(b)). As € increases from 0.5 to 1.8, the phase of
T¢ .; remains the same, but T}, ; increases at the same
rate of Fpeaq. Therefore, the phase difference of torque
increases from a smaller number (approximately
0.257 for & = 0.5) to nearly 7. Since such an increase
is greater in proportion compared to the increase in
curvature, which is from 0.57 to 1.8, the speed of the
torque wave relative to the curvature wave decreases.

As shown in the above analysis, the torque pattern
is primarily determined by the phase distribution of
the forces modulated by distance. This picture can also
help explain the observed torque variations (figure 4).
When the force laws are changed to granular or fric-
tional ones, the phase distributions of the forces on
the body are similar; therefore, similar torque patterns
are observed. The phase of the reactive force is pro-
portional to the time derivative of the velocity and is
hence ahead of the phase of the resistive force by 7/2;
therefore, the phase of the torque is shifted by the same
amount. When the curvature amplitude increases
toward the tail, the motion and forces on the head are
relatively small; thus, the effective phase range from the
head to tail is smaller than the nominal one indicated
by &, and the two-wave transition is delayed (greater
§). For the case with a head, because the head force is
nearly out of phase with the total torque from other
parts when the two-wave transition occurs (see the
red and magenta arrows in figure 5(b), £ = 1.8), the
enhancement of the head drag causes the cancellation
and reversal of the torque to occur earlier (smaller &).

Discussion

In the resistive force theory for viscous fluids,
the assumption that the force on one segment is
independent of the movement of other segments might
introduce significant errors in the forces [33]. Such
error can be alleviated by using slender body theory
[38]. In slender body theory, the body of the swimmer

T Mingand Y Ding

is assumed to be slender, and the ratio between the
radius of the body and body length a/L is much smaller
than 1. Singularity solutions of point forces and
dipoles are arranged along the body centerline ,and
the velocity at a point is computed as the superposition
of the singularity solutions to include the effect of the
interaction between segments (see [33] for the details
of the explanation and implementation). Here, we use
a biologically relevant body shape 1/L = 1/30 [39]
and the same kinematic parameters in RFT. We found
that the transition of the torque pattern from slender
body theory is qualitatively the same as those from
resistive force theory but the transition to the two-
wave pattern occurs at smaller & (1.8) (figures 6(a)
and (b)). The wave speed ratio from SBT is also slightly
smaller than the result from RFT (e.g. 3.0 versus 3.3
at £ = 1). Examination of the force distribution for a
small amplitude reveals one mechanism for the early
transition: forces at the head and tail are larger because
at the ends, the segments experience greater drag force
as less segments are nearby to ‘help’ induce the flow.
Similar to the case with a head (figure 4(f)), the head
and tail forces are nearly out of phase with the total
torque from other parts and the enhancement of the
drags and the ends causes the cancellation and reversal
of the torque to occur earlier.

The resistance to the bending from the body can
also contribute to the torque, therefore, we further
discuss the effects of elastic and viscous forces in the
body in a general way. We assume that the elastic force
requires an additional torque T; = C,x and that the
viscous force requires an additional torque T, = C,&.
Since when these torque dominates, the torque pattern
just coincides with the curvature pattern, a traveling
wave, we consider the case in which these torques are
significant but smaller compared to the torque from
external forces. Therefore, the coefficients C,and C, are
chosen such that maximal values of these torques are
20% of the maximal values of the torque from exter-
nal forces,i.e. T = T¢/ max(T°¢) + 0.24/ max (k) and
T = T°/ max(T®) 4+ 0.2/ max(k). For £ < 1.8, the
inclusion of elastic force causes the wave speed of the
torque in the middle part to decrease (figure 7(a)). For
example, vy /v,, = 2.9 for £ = 1. The inclusion of vis-
cous force causes the wave speed of the torque in the
middle part to decrease. For example, vr/v,, = 1.8 for
E=1.

In this study, we also adopted a highly simplified
locomotion gait, but organisms adopt gaits different
from a single-mode sinusoidal curvature wave during
turning and other maneuvers [40,41]. The torque pat-
tern and neural control required for these maneuvers
may be quite different and warrant further study.

As shown in our variation study and previous
studies, inertia, body elasticity, interactions between
body parts, and complex body geometry may all
affect the torque and muscle activation patterns.
Therefore, the predicted torque from our simple
model probably cannot match the muscle activa-
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tion of a particular organism in detail. However, the
torque predicted by our model is certainly an impor-
tant part of the total torque that needs to be over-
come by many organisms.

Our results predict that muscle activation is no
longer a traveling wave when the dominant forces that
the animal must overcome are external resistive forces
and the wave number is greater than two (e.g. the snake
in [21]). However, to our knowledge, muscle activa-
tion and neural control in animals with wave numbers
greater than 2 have not been studied. From another
perspective, our results predict that muscle activation
of a traveling wave cannot produce a uniform bending
wave for more than two wavelengths if external forces
significantly contribute to the torque. For robotic sys-
tems, our results show that the distributions of torque
magnitude and energy output along the body can be
adjusted by varying the wave number; this informa-
tion may guide the design of driving systems and the
use of passive materials.

In summary, our study provides a general picture
of the torque pattern from resistive forces in undula-
tory locomotion, including new and complex patterns
that have not previously been observed. By introduc-
ing the phasor diagram for undulatory locomotion, we
show that the torque pattern can be understood from
the integration of distance-modulated force phasors
and that the rapid transitions occurring near integer
numbers are the result of the cancellation of the force
phasors. The phasor diagram method may be a use-
ful tool to further investigate the interplay between
torque, passive body forces, body shape, and external

forces in undulatory locomotion.

Acknowledgments

Funding for YD and TYM was provided by NSFC grant
No. 11672029, NSAF-NSFC grant No. U1530401, and
the Recruitment Program of Global Young Experts.

ORCIDiDs
Yang Ding ® https://orcid.org/0000-0002-8252-2421

References

[1] Gray]Jand Hancock G 1955 J. Exp. Biol. 32 802
[2] Maladen R D, DingY,Li Cand Goldman D 12009 Science 325 314
[3] HuD,Nirody]J, Scott T and Shelley M 2009 Proc. Natl Acad. Sci.
106 10081
[4] Guo Zand Mahadevan L 2008 Proc. Natl Acad. Sci. 1053179
[5] Wardle C,Videler J and Altringham J 1995 J. Exp. Biol.
198 1629

T Mingand Y Ding

[6] LaugaEand PowersT 2009 Rep. Prog. Phys. 72096601

[7] Cohen N and Boyle J 2010 Contemp. Phys. 51 103

[8] Alexander RM 2003 Principles of Animal Locomotion
(Princeton, NJ: Princeton University Press)

[9] Tesch M, Lipkin K, Brown I, Hatton R, Peck A, Rembisz J and
Choset H 2009 Adv. Robot. 23 1131

[10] Crespi A and Ijspeert A 2008 IEEE Trans. Robot. 24 75

[11] Maladen R D, Ding Y, Umbanhowar P B and Goldman D I
2011 Int. J. Robot. Res. 30 793

[12] Goldman DIand HuD L2010 Am. Sci. 98 314

[13] ChengJ-Y and Blickhan R 1994 J. Theor. Biol. 168 337

[14] Cheng]J, Pedley T and Altringham J 1998 Phil. Trans. R. Soc. B
353981

[15] Hess F and Videler ] 1984 J. Exp. Biol. 109 229

[16] Butler V J, Branicky R, Yemini E, Liewald ] F, Gottschalk A,
Kerr R A, Chklovskii D B and Schafer W R 2015 J. R. Soc.
Interface 1220140963

[17] DingY, Sharpe S S, Wiesenfeld K and Goldman D 12013 Proc.
Natl Acad. Sci. 110 10123

[18] Brokaw C 1965 J. Exp. Biol. 43 155

[19] Fang-Yen C, Wyart M, Xie ], Kawai R, Kodger T, Chen S, Wen Q
and Samuel A 2010 Proc. Natl Acad. Sci. 107 20323

[20] Berri S, Boyle ] H, Tassieri M, Hope I A and Cohen N 2009
HFSP].3186

[21] Sharpe S S, Koehler S A, Kuckuk R M, Serrano M, VelaP A,
Mendelson J and Goldman D 12015 J. Exp. Biol. 218 440

[22] Brokaw C 1966 J. Exp. Biol. 45113

[23] Johnson R and Brokaw C 1979 Biophys. ]. 25 113

[24] Tytell E D, Hsu C-Y, Williams T L, Cohen A H and Fauci L ]
2010 Proc. Natl Acad. Sci. 107 198327

[25] McMillen T, Williams T and Holmes P 2008 PLoS Comput.
Biol. 41000157

[26] Choset H, Luntz J, Shammas E, Rached T, Hull D and Dent C
2000 Proc. SPIE 3990 148

[27] Yan Q,Wang L, Liu B, Yang J and Zhang S 2012 J. Bionic Eng.
9156

[28] ChuW-S, Lee K-T, Song S-H, Han M-W, Lee J-Y, Kim H-§,
Kim M-S, Park Y-J, Cho K-J and Ahn S-H 2012 Int. J. Precis.
Eng. Manuf. 13 1281

[29] Nguyen B K, Boyle ] H, Dehghani-Sanij A A and Cohen N 2009
Int. Conf. on Robotics and Biomimetics (IEEE) pp 76570

[30] De Luca A and Mattone R 2005 Proc. of the 2005 IEEE Int. Conf.
on Robotics and Automation (IEEE) pp 999-1004

[31] Liljebéck P, Pettersen KY, Stavdahl @ and Gravdahl J T 2012
Robot. Auton. Syst. 60 29

[32] Wright C, Johnson A, Peck A, McCord Z, Naaktgeboren A,
Gianfortoni P, Gonzalez-Rivero M, Hatton R and Choset H
2007 Int. Conf. on Intelligent Robots and Systems (IEEE) pp
2609-14

[33] Rodenborn B, Chen C-H, Swinney HL, Liu Band Zhang H
2013 Proc. Natl Acad. Sci. 110 E338

[34] Maladen R D, Ding Y, Umbanhowar P B, Kamor A and
Goldman D 12011 J. R. Soc. Interface 8 1332

[35] Lighthill M 1960 J. Fluid Mech. 9 305

[36] Friedrich B, Riedel-Kruse I, Howard ] and Jiilicher F 2010 J.
Exp. Biol. 213 1226

[37] Gray] 1946 J. Exp. Biol. 23 101

(38] Lighthill ] 1976 STAM Rev. 18 161

[39] Moore BT, Jordan ] M and Baugh L R 2013 Plos One 8 €57142

[40] Padmanabhan V,Khan Z S, Solomon D E, Armstrong A,
Rumbaugh K P, Vanapalli S A and Blawzdziewicz ] 2012 PloS
one7e40121

[41] Saggiorato G, Alvarez L, Jikeli ] F, Kaupp U B, Gompper G and

Elgeti] 2017 Nat. Commun. 8 1415



https://orcid.org/0000-0002-8252-2421
https://orcid.org/0000-0002-8252-2421
https://doi.org/10.1126/science.1172490
https://doi.org/10.1126/science.1172490
https://doi.org/10.1073/pnas.0812533106
https://doi.org/10.1073/pnas.0812533106
https://doi.org/10.1073/pnas.0705442105
https://doi.org/10.1073/pnas.0705442105
https://doi.org/10.1088/0034-4885/72/9/096601
https://doi.org/10.1088/0034-4885/72/9/096601
https://doi.org/10.1080/00107510903268381
https://doi.org/10.1080/00107510903268381
https://doi.org/10.1163/156855309X452566
https://doi.org/10.1163/156855309X452566
https://doi.org/10.1109/TRO.2008.915426
https://doi.org/10.1109/TRO.2008.915426
https://doi.org/10.1177/0278364911402406
https://doi.org/10.1177/0278364911402406
https://doi.org/10.1006/jtbi.1994.1114
https://doi.org/10.1006/jtbi.1994.1114
https://doi.org/10.1098/rstb.1998.0262
https://doi.org/10.1098/rstb.1998.0262
https://doi.org/10.1098/rsif.2014.0963
https://doi.org/10.1098/rsif.2014.0963
https://doi.org/10.1073/pnas.1302844110
https://doi.org/10.1073/pnas.1302844110
https://doi.org/10.1073/pnas.1003016107
https://doi.org/10.1073/pnas.1003016107
https://doi.org/10.2976/1.3082260
https://doi.org/10.2976/1.3082260
https://doi.org/10.1242/jeb.108357
https://doi.org/10.1242/jeb.108357
https://doi.org/10.1016/S0006-3495(79)85281-9
https://doi.org/10.1016/S0006-3495(79)85281-9
https://doi.org/10.1073/pnas.1011564107
https://doi.org/10.1073/pnas.1011564107
https://doi.org/10.1073/pnas.1011564107
https://doi.org/10.1371/journal.pcbi.1000157
https://doi.org/10.1371/journal.pcbi.1000157
https://doi.org/10.1016/S1672-6529(11)60111-X
https://doi.org/10.1016/S1672-6529(11)60111-X
https://doi.org/10.1007/s12541-012-0171-7
https://doi.org/10.1007/s12541-012-0171-7
https://doi.org/10.1016/j.robot.2011.08.010
https://doi.org/10.1016/j.robot.2011.08.010
https://doi.org/10.1073/pnas.1219831110
https://doi.org/10.1073/pnas.1219831110
https://doi.org/10.1098/rsif.2010.0678
https://doi.org/10.1098/rsif.2010.0678
https://doi.org/10.1017/S0022112060001110
https://doi.org/10.1017/S0022112060001110
https://doi.org/10.1242/jeb.039800
https://doi.org/10.1242/jeb.039800
https://doi.org/10.1137/1018040
https://doi.org/10.1137/1018040
https://doi.org/10.1371/journal.pone.0057142
https://doi.org/10.1371/journal.pone.0057142
https://doi.org/10.1371/journal.pone.0040121
https://doi.org/10.1371/journal.pone.0040121
https://doi.org/10.1038/s41467-017-01462-y
https://doi.org/10.1038/s41467-017-01462-y

	﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿Transition and formation of the torque pattern of undulatory locomotion in resistive force dominated media
	﻿﻿Abstract
	﻿﻿﻿﻿Introduction
	﻿﻿﻿Model
	﻿﻿﻿Results
	﻿﻿﻿Discussion
	﻿﻿﻿Acknowledgments
	﻿﻿﻿﻿﻿﻿ORCID iDs
	﻿﻿﻿References﻿﻿﻿﻿


